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Abstract
We give a characterization of linear polynomials over a number ﬁeld k as the only non-
constant polynomials f for which the equation f (x) = g(y) has a k-rational solution for each
polynomial g over k.
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Let A be a ring and let f ∈ A[X] be a polynomial over A. Denote the A-rank of
f by RA(f ), i.e. RA(f ) := {f (x) : x ∈ A}. One of the most interesting problems in
mathematics is the problem of determining of the set RA(f )∩RA(g) where g is another
polynomial over A (especially if A is the ﬁeld of rational numbers Q or the ring of
rational integers Z). However, there is no satisfactory answer to this problem, at present,
even in the case when A = Q, g(X) = X2 and f is an irreducible cubic or quartic
polynomial over Q. There is no algorithm for determining whether RA(f ) ∩ RA(g) is
empty or not. It is easy to see that if f is a linear polynomial over a ﬁeld k, then
Rk(f )∩Rk(g) = ∅ for each polynomial g over k. The aim of this note is to show that
this property characterizes the linear polynomials over number ﬁelds.
Proposition 1. Let f ∈ Q[X] be a polynomial of degree m2. Then there exists a
non-trivial polynomial g over Q, such that the equation f (x) = g(y) has no rational
solutions.
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Proof. Without loss of any generality we may assume that f ∈ Z[X]. Let p be a
rational prime not dividing the leading coefﬁcient am of f , and let h be a polynomial
over Z of degree m and with leading coefﬁcient 1, such that the reduction of h modulo
p is irreducible over the ﬁnite ﬁeld Fp (such h exists since there is a simple extension
of arbitrary degree over Fp). Suppose that (a, b) is a rational solution of
p · f (x) = h(y). (1)
Let vp denote the normalized discrete valuation at p. Assume vp(b)0, which implies
that vp(h(b)) = 0 (recall that h is irreducible over Fp and of degree m2, so h has no
root over Fp). Now, from (1) we get vp(f (a)) = −1, which implies vp(a) < 0, and,
further, since vp(am) = 0, mvp(a) = −1, which is impossible since m2. Assume,
contrary, that vp(b) < 0, which implies vp(h(b)) = mvp(b) < 0. Similarly as above,
we get vp(a) < 0, and, consequently, mvp(b) = 1 + mvp(a), a contradiction. 
Remark 1. Proposition 1 characterizes linear polynomials over Q as the only non-
constant polynomials f for which the equation f (x) = g(y) has a rational solution for
each polynomial g over Q. The same is valid for polynomials over arbitrary algebraic
number ﬁeld (with an analogous proof). It is enough to replace vp by vP , where P is
a prime ideal not dividing the principal ideal (am) and having absolutely norm equal
to p (a rational prime). However, the Proposition does not hold for polynomials over
arbitrary ﬁelds. For example, for every non-constant polynomials f, g over the ﬁeld
of complex numbers, the equation f (x) = g(y) has a complex solution for every x.
Also, if f is a cubic polynomial over the ﬁeld of real numbers and g is arbitrary real
polynomial, then the equation f (x) = g(y) has a real solution for every real x.
It is easy to see that the same argument as in the proof of Proposition 1 leads to
the following more general statement.
Proposition 2. Let f ∈ Q[X] be a polynomial of degree m2 and let n be a natural
number that is not relatively prime to m. Then there exists a polynomial g over Q of
degree n, such that the equation f (x) = g(y) has no rational solutions.
It is a question if the condition on the integers m, n can be omitted. The following
argument of Y. Bilu shows that we may assume that n is prime.
Proposition 3. (Y. Bilu). Let f ∈ Q[X] be a polynomial of degree m2 and let n be
a composite natural number. Then there exists a polynomial g over Q of degree n, such
that the equation f (x) = g(y) has no rational solutions.
Proof. Replacing f (x) by f (x) − c for a suitable integer c we may assume that f
has only simple roots. By Proposition 2 we may assume that m, n are relatively prime.
Write n as kl where k l2.
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If m5 then the plane curve
f (x) = zk (2)
is of genus at least 2. By the Faltings theorem it has only ﬁnitely many rational points.
Denote by M the set of all z-coordinates of these points. Then there exists an integer
 such that M +  contains no lth power. Then the equation f (x) = (yk − )l has no
rational solutions.
If m = 4 then k3. Hence the curve (2) is of genus at least 3, and one argues as
before. The same is valid if m = 3 and k4 or if m = 2 and k5. The remaining
cases are (m, n) = (3, 4) and (m, n) = (2, 9).
If (m, n) = (2, 9), then we have the equation of a type ax2 + bx + c = g(y) which
reduces to x2 = g(y), where g is of degree 9. Since there exists a cubic polynomial
h over Q such that the equation x2 = h(y) has no rational solutions (for example,
h(y) := y3 + 6), the equation x2 = h(y3) has no rational solutions, too.
If (m, n) = (3, 4), then we have the equation of a type x3 +ax +b = g(y), where g
is of degree 4. We may assume that the polynomial f (x) = x3+ax+b has only simple
roots. Then there is a square-free integer d such that the equation x3 + ax + b = dz2
has only ﬁnitely many rational solutions. Namely, there exist inﬁnitely many quadratic
twists of rank 0 (see [1] or [2]). Denote by M the set of all z-coordinates of these
points. Then there exists an integer  such that M +  contains no rational square, and
so the equation x3 + ax + b = d(y2 − )2 has no solutions. 
It seems reasonable to set up the following question.
Question 1. Let f ∈ Q[X] be a polynomial of degree m2 and let p be a prime
number. Does there exist a polynomial g over Q of degree p, such that the equation
f (x) = g(y) has no rational solutions.
Example 1. Assume that m = 2. Then it is well known that the answer to Question
1 is yes if p = 2 or p = 3. Assume that p is a prime number greater than 5. Let us
choose a cubic polynomial h over Q such that the equation z2 = h(x) has no rational
solution, and an irreducible polynomial r over Q of degree p−32 . Then the equation
x2 = (r(y))2h(y) has no rational solution, so that the answer to Question 1 is yes for
such p, too.
In sequel we will consider the case m = 3 and p = 2. Recall that if E/Q is an
elliptic curve given by
y2 = x3 + ax + b
then Ed , the quadratic twist of E, is the elliptic curve given by
dy2 = x3 + ax + b.
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Deﬁnition 1. (see Rubin and Silverberg [3, Deﬁnition 7.1]). Let
S(X) := {square − free d ∈ Z : |d|X}.
Deﬁne
Ni(X) = {d ∈ S(X) : rank(Ed) = i}
for i = 0, 1, 2, . . . and
N(X) = S(X).
Let
Di(E) := lim
X→∞
Ni(X)
N(X)
if the limit exists.
Density Conjecture (see Rubin and Silverberg [3, Conjecture 7.6]). D0(E) =
D1(E) = 12 .
Proposition 4. Let a be a non-zero integer and let q be a prime such that:
(i) q ≡ 3 mod 4,
(ii) q is not congruent to −1 modulo 3, 5, 7, 11,
(iii) q does not divide a,
(iv) q = ±(a + 1), q2 = 1 ± a.
Assume that the Density conjecture holds. Then there is a square-free integer d such
that the equation dy2 = x3 + ax + q has no solution over Q.
Proof. Denote by E the elliptic curve with equation
y2 = x3 + ax + q.
Discriminant of E is −16(4a3 + 27q2), so that, by (iii) and a part of (ii), E has good
reduction at q. Denote by E(Fq) the set of Fq -points of the reduced curve. By [4, VII
Proposition 3.1], the group E(Q)tors injects into the group E(Fq), so, by (i) and [4,
X§6], the number of Q-torsion points of E divides q + 1. By (ii) and (iv), E has no
rational torsion points of orders 3, 5, 7, 11 and 2. By the Mazur theorem, we conclude
that E(Q) is torsion-free.
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Similarly we conclude that Ed(Q) is torsion-free, for any square-free integer d such
that (d, q) = 1. If the density conjecture holds, then there is such a d, such that
rank Ed(Q) = 0, what we need. 
Proposition 4 is a justiﬁcation of the following:
Conjecture 1. Let f be a cubic polynomial over Q. Then there is a quadratic polyno-
mial g over Q such that the equation f (x) = g(y) has no rational solution.
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